Brittle fracture Compression V-notch Compressive notch fracture toughness Flattened V-notched semi-disk (FVSD) specimen PMMA a b s t r a c t Brittle fracture was investigated both experimentally and theoretically in blunt V-notches under compression. A new test specimen, called flattened V-notched semi-disk (FVSD) specimen, was suggested for conducting fracture tests on PMMA under compression for different notch angles and various notch radii with the aim to measure experimentally the compressive notch fracture toughness. The experimental results were theoretically estimated by means of two stress-based brittle fracture criteria, namely the point-stress (PS) and the mean-stress (MS) criteria. With total accuracies of 91% and 90% for the PS and the MS criteria, respectively; it was found that both the criteria provide very good predictions to the experimental results.
Introduction
There is a fundamental difference between cracks and notches under negative mode I loading conditions. Under compression, crack faces experience closure in which the molecules of material on each face penetrate into the other face resulting in no crack propagation. Therefore, failure of cracked components under compression is not normally investigated. However, for notched components, the notch faces may or may not penetrate into each other depending on the distance between the two faces that can be realized for various notch shapes (e.g. V, U, O-shapes) by different parameters like the notch angle, the notch radius etc. As a result, crack may nucleate from the notch border under compression and lead to final fracture. There are many cases in real engineering applications for which a few notches among the entire notches of a structure experience concentrated compressive stresses at their neighborhood. Although tensile mode I failure in notched members is much more serious than compressive one, the failure under compression should also be assessed in order to assure the safety of the whole structure.
In design of an engineering structure consisting of several components made of different materials, designers are deeply concerned with those components made of brittle and quasi-brittle materials. This is because fracture in such materials is catastrophic since it happens suddenly with no precaution. Brittle components are often designed in a way that they do not bear high levels of stress. However, they can be indirectly subjected to mechanical stresses generated from various loads applied to the main structure. Because of relatively low tensile strength, brittle components are prone to sudden fracture causing heavy damage to the structure. From the statement above, it can be easily understood that why the investigation of brittle fracture is important and why it has attracted great research interests.
Brittle fracture becomes more critical when the engineering component contains discontinuities like cracks, notches, inclusions, scratches etc. This is because such discontinuities are sources of stress concentration and hence decrease significantly the strength of component. While cracks, inclusions and scratches are usually considered as undesirable stress raisers in engineering components and structures, blunt notches are extensively used in machine design, for example to join two or more components, to make a path of movement for reciprocating elements, to design bolts, screws etc. Therefore, engineers traditionally have utilized notches of various shapes in their design with paying special attention to the safety of the notched members.
From the phrases above, it is obvious that brittle fracture assessment of notched components is essential under different loading conditions including compression. Therefore, a review of literature is performed herein in order to find possible theoretical and experimental investigations.
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Among various notch geometries, V and U-shaped notches have been investigated much more than the other shapes possibly because of the wide range of engineering applications. Extensive investigations have been performed regarding brittle fracture analysis of V and U-notched components under mode I, mode II, mode III and mixed mode loadings. Dealing with mode I loading, the following research papers can be quoted; Seweryn (1994) , Strandberg (2002) , Gogotsi (2003) , Gomez et al. (2000 Gomez et al. ( , 2006 , Gomez and Elices (2003) , Lazzarin and Zambardi (2001) , Yosibash et al. (2004) , Barati et al. (2010) , Ayatollahi and Torabi (2010a,b) , Torabi (2013a) , Berto (2013, 2014c) , and Torabi and Amininejad (2015) . The number of works published on mixed mode I/II fracture of notched domains are limited compared to those on mode I fracture. Some of them are Yosibash et al. (2006) , Priel et al. (2008) , Chen and Ozaki (2008) , Ayatollahi and Torabi (2009 , 2010c , Ayatollahi et al. (2011a,b) , Torabi (2013b) , Berto and Barati (2011) , Gomez et al. (2007 Gomez et al. ( , 2008 Gomez et al. ( , 2009a , Berto et al. (2007 Berto et al. ( , 2012a , Berto and Ayatollahi (2011) , , Torabi and Berto (2014a) and . Among in-plane loading conditions, pure mode II loading has been less investigated possibly because of very limited applications. For the first time, Ayatollahi and Torabi (2010d) suggested and used the U-notched Brazilian disk (UNBD) specimen for measuring experimentally the mode II apparent notch fracture toughness of PMMA and soda-lime glass. The test results were predicted very well by using the maximum tangential stress (MTS) criterion. Recently, two papers have also been published by and Torabi and Berto (2014b) in which the experimental mode II fracture results of the UNBD graphite specimens have been successfully predicted by means of some well-known brittle fracture criteria, namely the point-stress (PS), the mean-stress (MS) and the strain energy density (SED) criteria. Regarding mode III and mixed mode I/III brittle fracture in notched components, a few research papers have been published in the open literature (see for example Susmel and Taylor (2008) and Berto et al. (2012b Berto et al. ( , 2013a ).
Under pure compression, a few papers have been published regarding brittle fracture of notched members. The experimental results reported by Hoek and Bieniawski (1965) on fracture of elliptical notches of different inclination angles have been analyzed by Cottrell (1972) and it has been shown that although brittle fracture in elliptical notches are explained by two distinct models under tension and compression, the fracture loads always depend on the notch radius. It has been stated by Bell (1973) that a dominant inclined failure plane in uni-axial compression test is attributed to Coulomb while Lajtai (1974) investigated the mechanism of failure as material proceeds through a few stages of micro-fracture, nucleating from the intact state and finishing with the state of residual strength under compression. Also, an empirical failure model has been suggested by Lajtai et al. (1990) under compression based on the experimental results achieved from rock materials. They made use of the average stress ahead of the crack tip to formulate their failure criterion (see Lajtai et al. (1990) ). Wang and Shrive (1995) reviewed the onset of crack initiation and propagation, as well as the brittle fracture criteria under compression. The key finding was that mode I crack initiation is the fundamental brittle fracture mechanism in both tension and compression. Dzik and Lajtai (1996) have investigated the fracture in circular cavities loaded under compression by showing that brittle failure may initiate from three fundamental locations around the cavity; at the tensile stress concentration, at a position inside the material far from the cavity and at the compressive stress concentration. Moreover, found in Dzik and Lajtai (1996) was that the propagation of primary failure initiated at the point of tensile stress concentration is a size-dependent phenomenon. A study on compressive brittle fracture in V-notched specimens has also been published by Kawakami (1985) who tested several V-notched samples made of three various types of graphite materials under uni-axial tension, compression and thermal shock. Kawakami (1985) studied the notch weakening influences on fracture strength of the test specimens by comparing the strength of notched and smooth specimens. Churchman et al. (2006) studied the closure at the root of a sharp V-notch under compression. They determined a first-order approximation to the closure extent based on the asymptotic solution for a semi-infinite V-shaped notch. Berto et al. (2013b) recently investigated both experimentally and theoretically the onset of brittle fracture in fine-grain isostatic graphite specimens containing double V-notches with end holes (VO-notches). They first tested several VO-notched samples under compression and recorded the fracture loads from the test machine. The strain energy density (SED) over a specified critical volume was then taken as the governing fracture parameter under compression and the experimental data could be well predicted (Berto et al., 2013b) .
The most recent work on compressive brittle fracture of notched components is that published by Torabi and Ayatollahi (2014) . They extended the point stress (PS) and the mean stress (MS) failure concepts to compressive loading conditions and developed two closed-form expressions capable of predicting the compressive mode I apparent notch fracture toughness for VO-notches. It has been found that such expressions could be successfully utilized to predict the experimental results published by Berto et al. (2013b) . In this research, compressive brittle fracture was studied theoretically and experimentally in round-tip V-notched components. A new test specimen, namely the flattened V-notched semi-disk (FVSD) specimen, was proposed to perform fracture experiments on PMMA under compression for different notch angles and various notch radii in order to measure experimentally the compressive notch fracture toughness. Two stress-based brittle fracture criteria, namely the point-stress (PS) and the mean-stress (MS) criteria were utilized to predict the experimental results. It was found that both criteria would predict the experimental results well. Based on the results obtained from different notch angles and the notch radii, the MS criterion could be prescribed as an accurate, stable and reliable fracture criterion.
2. Brittle fracture criteria for compressive mode I loading 2.1. Linear elastic stress distribution around a blunt V-notch tip Elastic stress distribution at the neighborhood of a round-tip V-notch has been proposed by Filippi et al. (2002) as an approximate closed-form expression. The expression can be reduced exactly to the William's solution (Williams, 1952) for a sharp V-notch. Filippi et al. (2002) utilized a conformal mapping in an auxiliary system of curvilinear coordinates ''U and V'' for obtaining the stress field. The curvilinear and the Cartesian coordinates are related to each other by (X + iY) = (U + iV) q . The power q is a real positive value ranging from 1 (for a flat-edge) to 2 (for a crack). A schematic round-tip V-notch is represented in Fig. 1 together with its polar and Cartesian coordinate systems. Note that the origin of the coordinates is located at the distance r 0 behind the notch tip on the notch bisector line. This is because of matching the mathematical derivations of the curvilinear and the Cartesian coordinate systems (Filippi et al., 2002) .Under pure mode I loading conditions, the elastic stresses in the polar coordinate system (r hh , r rr and r rh ) can be written as: is the mode I notch stress intensity factor (NSIF) and r 0 is the distance between the notch tip and the origin of the coordinate systems which can be determined by using Eq. (3). The functions m ij (h) and n ij (h) are (Filippi et al., 2002) : 
n hh ðhÞ n rr ðhÞ n rh ðhÞ 8 > < > :
The values of the auxiliary parameters Table 1 for different notch angles (Filippi et al., 2002) . The parameter q is defined in Eq. (3).
In accordance with a relation that exists between the Cartesian and the curvilinear coordinate systems, the distance between the notch tip and the origin of the coordinate systems, r 0 , which is always different from the notch tip radius, can be written as (Filippi et al., 2002) :
where ''2a'' is the notch angle and q is the notch radius. The NSIF can be computed for different notch angles and various notch radii by using Eq. (4) (Lazzarin and Zambardi, 2001) .
In Eq. (4), r hh ðr 0 ; 0Þ is the tangential stress at the notch tip and x 1 is an auxiliary parameter presented in Eq. (5) (Lazzarin and Zambardi, 2001) . The values of x 1 are presented in Table 1 for various notch angles.
Note that the NSIF should accurately control the stress field over a considerable distance ahead of the notch tip, whereas Eq. (4) utilizes only the tangential stress at the notch tip. It has been shown in different references (see for instance Filippi et al., 2002) that the NSIF does not vary considerably over a finite distance ahead of the notch tip. Therefore, one can use conveniently the tangential stress at the notch tip (see Eq. (4)) to calculate the mode I NSIF.
In the forthcoming subsections, the elastic stress distribution presented in Eq. (1) is utilized to develop two stress-based criteria for brittle fracture in blunt V-notches under compression. The values of the auxiliary parameters k1; l 1 ; v b1 ; v c1 ; v d1 for different notch angles (Filippi et al., 2002 
Point stress (PS) criterion
The point stress (PS) criterion is, in fact, the maximum tangential stress (MTS) criterion in its mode I form. According to the PS criterion, brittle fracture takes place for a notched member when the tangential stress at a critical distance ahead of the notch tip attains its critical value. A blunt V-notch with the critical distances of the PS criterion is depicted in Fig. 2a .
The parameters r c and r Ã c are the PS critical distances measured from the notch tip and from the coordinate origin, respectively. At brittle fracture instance, the compressive tangential stress at the critical distance should be equal to its critical value r c which is assumed to be a material property. Also, K V;q I would attain its critical value K V ;q Ic , called the compressive mode I notch facture toughness. Meanwhile, the fracture initiation angle is expected to be equal to zero due to the symmetry in geometry and loading. Hence:
According to Fig. 2a , the following expression is valid.
By substituting Eq. (8) into Eq. (7) and extracting, the notch fracture toughness K V;q Ic is obtained as:
The unknown parameters in Eq. (9) has been utilized several times by researchers where K Ic and r t are the plane-strain fracture toughness and the ultimate tensile strength of material, respectively (see for example Ayatollahi and Torabi, 2010a,b) . Taking into account that K Ic is defined only to characterize the ability of material to withstand against the crack extension; it is physically a meaningless parameter in compression, since the crack faces would penetrate to each other and therefore the crack would not grow. Hence, the critical distance r c for compressive notch problems should be determined by another method or expression. A new semi-empirical method is elaborated in the forthcoming sections to determine directly both the critical distance and the critical compressive stress. An empirical method has been recently suggested and utilized successfully by Torabi and Ayatollahi (2014) for graphite plates weakened by double edge V-notches with end holes. A very similar method has also been employed by Berto et al. (2013b) with the aim to determine the critical stress and the critical radius of the control volume over which the strain energy density (SED) is evaluated.
Mean stress (MS) criterion
Brittle fracture occurs in accordance with the mean stress criterion when the average value of the tangential stress over a specified critical distance from the notch tip attains a critical stress. A round-tip V-notch with critical distances of the MS criterion is depicted in Fig. 2b . The parameters d c and d Ã c are the critical distances of the MS criterion measured from the notch tip and from the coordinate origin, respectively. To formulate the MS criterion mathematically, the average tangential stress over the critical distance r hh should first be determined. Seweryn (1994) utilized explicitly the following equation for r hh :
According to the MS criterion, r hh should attain the critical stress r c at fracture instance. Therefore, substituting r hh from Eq.
(1) into Eq. (10) and considering r hh ¼ r c at fracture, we have
By considering that K V;q I is equal to K V;q Ic at fracture and by making integration, one can write
(a) PS criterion (b) MS criterion 
The sole unknown parameters in Eq. (13) are d c and r c which both are assumed to be the material properties. Again, because K Ic is meaningless in compressive loading, the critical distance of the MS criterion for cracks and notches (Seweryn, 1994; Ayatollahi and Torabi, 2010a,b) 
for tensile mode I fracture problems is not valid in compression. Therefore, a new semi-empirical method is also described in the forthcoming sections for the MS criterion very similar to that for the PS criterion in order to determine d c and r c .
Experimental program
A new set of compressive fracture experiments were performed in order to verify the theoretical results of the PS and the MS criteria. Details are presented in the following subsections.
Material
A plate of polymethyl-metacrylate (PMMA) with the properties presented in Table 2 was utilized in the experimental program. Most types of PMMA exhibit brittle behavior under tension at room temperature. However, they usually show large levels of plastic deformation in the standard compression test on an un-notched specimen. The tensile properties in Table 2 have been taken from the tests carried out previously (Ayatollahi and Torabi, 2010c) and the compressive properties were experimentally measured in the present research in accordance with the standard ASTM D695-10. Fig. 3 presents the standard true stress-strain curve obtained from a PMMA specimen tested under compression. According to ASTM D695-10, the compressive yield strength of PMMA is defined as the peak point in the corresponding true stress-strain curve after which the strain enhances without meaningful increase in the stress.
Test specimen
A new specimen, called flattened V-notched semi-disk (FVSD) specimen, is proposed in the present research for conducting brittle fracture tests on blunt V-notches under compression. Fig. 4 represents schematically the FVSD specimen.
The parameters 2a, q, a, b, L, t and P are the notch angle, the notch radius, the notch length, the flattened length, the disk radius, the specimen thickness and the compressive load, respectively. The distributed compressive load is monotonically applied to the flattened section and the notch experiences pure compression. To choose appropriate dimensions for the specimen, preliminary examinations were performed. As can be seen in Fig. 4 , tensile stresses could also be generated in the specimen (due to bending effects) simultaneously with the compressive stress at the notch neighborhood; the maximum of which occurs at the top of the curved boundary. Prior to the experiments, it was required to make sure that compressive fracture from the notch border occurs before tensile fracture from the curved boundary of the specimen. As it is well-known, the compressive strength of the most of brittle materials, including PMMA, is normally about two to three times larger than their tensile strength. Therefore, it was required to choose the specimen dimensions so that the level of the compressive stresses at the notch tip vicinity is several times larger than that of the maximum tensile stress at the top of the specimen. For this purpose, numerous models of the FVSD specimen with different dimensions were created and extensive finite element (FE) analyzes were performed. Finally, the following dimensions were obtained (all of them provided the values of the ratio maximum compressive stress/maximum tensile stress larger than five): 2a = 30, 60 and 90 (°); q = 0.5, 1 and 2 mm; a = 10 and 25 mm; b = 20 mm; L = 50 mm and t = 6 mm. Fig. 5 represents a typical mesh pattern used in FE modeling for the FVSD specimen together with a sample stress distribution. As can be seen in Fig. 5a , very fine meshes were utilized at the notch tip vicinity because of high stress gradient. Simultaneous existence of tensile and compressive stresses is also seen in Fig. 5b .
To fabricate the specimens, first, a PMMA plate of 6 mm thick was provided. Then, the specimens were cut by using a LASER cutting machine. Three specimens were fabricated and tested for each notch geometry and hence, a total number of 54 fracture tests were carried out. Figs. 6-8 show a sample FVSD specimen before, during and after the fracture test, respectively.
Experimental observations confirmed that sudden fracture in the whole specimens took place from the blunt border of the V-notches indicating that geometrical design of the FVSD specimens was successful (see for example Fig. 8) . Table 3 presents the experimentally recorded failure loads (P f ) for the FVSD PMMA specimens together with the corresponding maximum compressive stresses (r max ) at the notch tip and the minimum buckling load for the specimens (P buck. ). In order to compute correctly the value of maximum compressive stress at the fracture instance (i.e. r max ), the fracture load of each specimen presented in the fourth column of Table 3 was distributed uniformly along the top line of the specimen in Fig 5a. (i.e. in 2-D FE model) and the entire nodes on the top line were constrained in a way they could move only along the loading direction (i.e. vertically True Strain x (-1) In order to make sure that buckling did not occur during the tests, a buckling analysis was performed for the FVSD specimen by using the FE method. As can be seen in Table 3 , the minimum buckling load was always larger than the fracture load demonstrating that no buckling took place before brittle fracture. Qualitatively, no evidence was also seen during the tests regarding buckling in the specimens. The load-displacement plots of the FVSD specimens recorded by the test machine were all linear up to final breakage (see for instance Fig. 9) . Thus, the use of a theoretical model based on the linear elastic behavior of material might be permissible. However, since the load-displacement plots of notched members under both linear-elastic and small-scale yielding conditions are similar (linear), Fig. 9 does not necessarily allow us to predict the fracture of the FVSD specimens by means of the linear elastic notch fracture mechanics (LENFM) principles. Therefore, elasto-plastic analyses should be performed on the FVSD specimens by considering the actual behavior of PMMA under compression (see Fig. 3 ) to make sure that the size of the plastic zone around the V-notch border is small enough in comparison with the specimen size. It is shown later in Section 4 that for the FVSD specimens, the size of the plastic zone at the fracture instance is small. Hence, the plastic zone could be practically ignored and the use of PS and MS criteria based on LENFM would be permissible for theoretical fracture predictions.
As presented in Eqs. (9) and (13), the predictions of the PS and the MS criteria are based on the critical value of the mode I NSIF (i.e. the compressive mode I notch fracture toughness K V;q Ic ). In order to verify the theoretical results, it is essential to convert the failure loads of the FVSD specimens presented in Table 3 to the corresponding values of the compressive mode I notch fracture toughness. For this purpose, one can use Eq. (4) in which r hh ðr 0 ; 0Þ is replaced with the maximum compressive stress at the notch tip associated with the experimental fracture load (see the 5th column of Table 3 ). Table 4 summarizes the average values of the experimental K V;q Ic for all of the FVSD specimens.
Determination of the critical distances and the critical compressive stress
In Eqs. (9) and (13) Ic . An empirical method has been recently suggested by Torabi and Ayatollahi (2014) and utilized successfully for determining the critical distance and the critical stress for graphite plates weakened by V-notches with end holes reported by Berto et al. (2013b) . The fundamental concept in this method is that the critical conditions for all of the notched specimens are expected to be the same regardless of the notch geometry, because the critical distance and the critical stress are assumed to be the material properties. Based on the same assumption, a new semi-empirical method is suggested herein for determining the critical parameters for the FVSD specimens made of PMMA. Details of the method are presented herein.
The critical parameters for the PS criterion
In order to determine the critical parameters for the FVSD specimens according to the PS criterion, two arbitrary V-notch Fig. 8 . A sample FVSD specimen after fracture tests.
Table 3
The experimental failure loads for the FVSD specimens together with corresponding maximum compressive stresses at the notch tip. geometries from the tested FVSD specimens are first selected.
Displacement (mm)
Then, the theoretical values of K V ;q Ic predicted by the PS criterion (see Eq. (9)) for the two selected notches are set to be equal to the corresponding average experimental values reported in Table 4 . This makes a system of coupled equations in which only r c and r c are unknown. Eq. (14) shows an example of the coupled equations for the notch angle of 30 (°) and the two arbitrary notch radii of 1 and 2 mm. 
In Eq. (14), the values of the parameters r 0 ; k 1 ; l 1 and n hh ð0Þ vary with the notch geometry, but r c and r c remain constant since they are assumed to be the material properties. There are two approaches to solve the system of Eqs. (14) for r c and r c . The first and certainly more accurate approach is to solve Eqs. (14) numerically. This can be done by setting appropriate initial estimates in a mathematical code (e.g. MATLAB etc.) and iterating to obtain a set of results (r c , r c ) that satisfies simultaneously both equations. The second approach is based on a trial-and-error process with approximate solutions of reasonable accuracy in which a pair of solutions (r c , r c ) satisfying only Eq. (14a) is found and then is substituted into Eq. (14b). If the obtained pair of solutions satisfies also the second equation, it will be the solution for the system. Otherwise, the initial values r c and r c should be slightly manipulated until the right and the left sides of both Eqs. (14a) and (14b) become approximately equal (with an allowable error band). Obviously, the accuracy of the second approach is lower than that of the first one, but, one can find easily and rapidly the solution by admitting a reasonable error (for example within an error band of ±10% or lower).
Using the second approach the solution (r c , r c ) = (0.98 mm, À236 MPa) was found from Eq. (14) for 2r = 30°. In Table 5 , the results obtained for the values of (r c , r c ) corresponding to some various pairs of V-notch specimens are presented. As can be seen in the table, the values are close enough together. Note that many couple of FVSD geometries could be selected for constructing the system of equations (similar to Eqs. (14)) and then determining r c and r c . However, some of them can be arbitrarily selected and solved (see the geometries in Table 5 ) to reach to the critical parameters r c and r c . The other point is that only one pair of (r c , r c )
should be introduced as the critical parameters of the PS criterion. Therefore, an average pair of (0.95 mm, À230 MPa) is taken from the results given in Table 5 . The values r c = 0.95 mm and r c = À230 MPa can be used in the PS criterion (see Eq. (9)) to predict the mode I compressive notch fracture toughness of the FVSD PMMA specimens with arbitrary V-notch geometries. As a brief instruction to determine the critical parameters of the PS criterion, one should follow the steps below:
1. Select arbitrarily two V-notch geometries from the tested specimens. 2. Substitute the average experimental values corresponding to the two geometries selected (from Table 4 ) into the left hand side of Eq. (9) making a system of coupled equations in which r c and r c are unknown.
3. Solve the system of equations numerically or by the trial-and-error process to find the critical parameters r c and r c which are assumed to be the material properties.
The critical parameters for the MS criterion
The same semi-empirical method can also be used to determine the critical parameters for the MS criterion, i.e. the critical distance 
The solution for Eq. (15) Tables 5 and 6 summarizes the values of the critical parameters calculated from the MS criterion for some V-notch geometries.
Taking an average of the critical values presented in Table 6 results in d c = 2.85 mm and r c = À230 MPa. These values can be used in Eq. (13) to predict from the MS criterion the mode I Table 5 The values of the critical parameters r c and r c obtained for different pairs of V-notches in the FVSD PMMA specimens. Table 6 The values of the critical parameters d c and r c obtained for different pairs of Vnotches in the FVSD PMMA specimens. compressive notch fracture toughness of the FVSD PMMA specimens with arbitrary V-notch geometries.
In the next section, the theoretical results of the PS and the MS criteria are verified by using the experimental results of the FVSD specimens.
Results and discussion
The predictions of the two brittle fracture criteria, namely the PS and the MS criteria (Eqs. (9) and (13)) are represented in Figs. 10-12 for the notch angles of 30, 60, and 90 (°), respectively together with the experimental results of the mode I compressive notch fracture toughness for the FVSD specimens.
It is qualitatively seen in Figs. 10-12 that both criteria provide almost identical estimates for the experimental results. For evaluating the theoretical results quantitatively, the percent discrepancies between the theoretical and the average experimental results are presented in Table 7 . As can be seen in Table 7 , the mean discrepancies for the PS and MS criteria are approximately equal to 9% and 10%, respectively demonstrating the effectiveness of the criteria. (2010a)) shows that the critical distances for compression are approximately 8 and 6 times larger than those for tension, for the point stress and the mean stress criteria, respectively. It is worth mentioning that the ratio d c /r c = 2.85/0.95 = 3 for compression is different from 4 (0.48/0.12) for tension. Based on this finding and considering the result reported by Torabi and Ayatollahi (2014) for the VO-notched graphite specimens (that confirms also the ratio ''4'' for compression), the ratio can be suggested to be generally different for compression and tension when various brittle materials and different specimens are used in fracture tests. However, further investigations are still needed to make a more general conclusion.Based on Eqs. (9) and ( (9) and (13) for the PS and the MS criteria). The load related to
is in fact, the load-bearing capacity of the notched component.
As described in Section 2, the fracture analyses were performed based on a linear elastic behavior for PMMA. Indeed, different types of PMMA are produced by manufacturing companies with a rather wide range of material behavior at room temperature. The particular type of PMMA studied herein (supplied by a local manufacturer and known for its brittleness) showed a quasi-brittle behavior at room temperature with small plastic deformation in the standard tension test and moderate plastic deformations in the compression test. In order to explore whether the use of linear elastic behavior for PMMA in FE models was allowable, a few compressive proof tests were performed on V-notched specimens showing that the load-displacement curves obtained from the tests were almost linear from the beginning till the final fracture (see for instance Fig. 9 ). This implies that in the fracture tests, only small scale plastic deformation occurred at the vicinity of the notch tip. Experimental observations also demonstrated that fracture took place suddenly for the V-notched specimens with very small plastic deformations around the notch tip (with respect to the size of the ligament). It is useful to mention that the reason for different behaviors of PMMA in the absence and in the presence of stress concentrators, e.g. V-notches, is that in un-notched specimens, the entire cross-section experiences large plastic deformations before the final fracture while in notched samples, the zone of plastic deformation is localized around the V-notch tip and therefore, only a small portion of the cross section experiences non-linear deformation. The results of proof tests suggested that the small plastic zone around the notch tip was ignorable and therefore, the use of linear elastic material behavior for the tested PMMA material was generally acceptable. A similar finding has been recently reported by Berto et al. (2013a Berto et al. ( , 2012c for fracture in notched PMMA specimens subjected to torsion. In these references, it has been demonstrated that local non-linear deformation of PMMA around the notches at room temperature could be ignored and linear elastic behavior could be successfully utilized for fracture predictions in the tested PMMA specimens. To provide evidence for the smallness of the plastic zone around the notch tip at the onset of fracture (i.e. the existence of small-scale yielding conditions), elasto-plastic finite element analyses were performed on several FVSD specimens by applying the true stress-strain curve of PMMA to the FE model. Fig. 13a and b show the plastic zone sizes around the notch tip obtained by using the Von-Misses model and by directly considering the compressive stress component, respectively. The results showed that the maximum plastic zone radii at fracture are about 5 and 6 mm for these two models, respectively, demonstrating the smallness of the plastic zone compared to the specimen dimensions which allows ignoring the localized plastic behavior in the theoretical fracture predictions.
All of the fracture analyses performed in the present investigation were based on the assumption that fracture initiated from the notch border. However, it is not clear from the image of the broken specimen shown in Fig. 8 whether the specimen really fractured from the notch border by compressive stresses or from the tensioned side on the outer boundary of specimen. To support our assumption, a sample elasto-plastic FE stress analysis was performed by taking into account the real behavior of the PMMA under compression (see Fig. 3 ). Fig. 14 represents the stress distributions along the notch bisector line for the two cases of linear-elastic and elasto-plastic material behaviors. In both of the analyses, the notch geometry was 2a = 30°, q = 0.5 mm, a = 10 mm and the applied load was equal to the average fracture load of 9.0 kN. For the elasto-plastic analysis, the maximum compressive stress (about 100 MPa) was compared with the maximum tensile stress in the specimen (about 43 MPa) and it was found that the ratio maximum compressive stress/maximum tensile stress is equal to about 2.3. While the compressive stress at fracture reaches the ultimate compressive strength of PMMA (98 MPa in Table 2 ) over a large distance from the notch tip, the maximum tensile stress at fracture (43 MPa) is significantly lower than the ultimate tensile strength of material (70.5 MPa in Table 2 ) proving the damage initiation from the notch border by compressive stresses.
As mentioned in Section 3, the boundary conditions in the FE models were applied to the top surface of the FVSD specimen such that the nodes could move only vertically downward. This constraint might not be realistic since the testing machine applies an increasing displacement through a stiff loading plate in contact with the top and bottom flattened parts of the specimens. Given the shape and flexibility of the specimens, the stress distribution in the contact surfaces will be uneven and not uniformly distributed. Indeed, during the tests, it is possible that some parts of the contact sides detach from the loading plates (as shown schematically in Fig. 15) . Therefore, for a realistic simulation, the contact between the loading plates and the specimen should be modeled. In order to simulate the actual loading process in the test machine, two stiff loading plates at the top and the bottom of the FVSD specimen were modeled in the FE code and contact (a): Plastic zone size determined from the Von-Misses criterion (b): Plastic zone size by considering compressive stress component. conditions were defined between the plates and the specimen. In this case, the nodes along the loading surfaces of the specimen are free to detach from the plates. The analyses were performed separately under both linear-elastic and elasto-plastic conditions, and the coefficient of friction between the stiff plate and PMMA specimen was considered in a way that no sliding occurs during loading (consistent with the experimental observations). The experimentally obtained fracture load was applied to the plate and the magnified pictures of specimen after deformation showed that the detachment occurred only for very few nodes along the flattened part of the specimen. This area was negligible with respect to the entire flattened area. The stress distributions along the notch bi-sector line obtained from this improved simulation (with contact elements) were also compared with those of the previous analysis and it was found that almost 1% discrepancy exists between the results of the two analyses, confirming that the previous simulation is still valid with a high degree of accuracy. In the authors' opinion, this finding is due to the fact that the fracture loads for the PMMA specimens were relatively small compared with the other high-strength engineering materials. Greater detachment which is expected for those materials may affect considerably both the stress distributions near the notch tip and the results of fracture predictions.
Conclusions
Brittle fracture was studied both theoretically and experimentally for blunt V-notches subjected to pure compression. The linear elastic stress distribution at the vicinity of the V-notch together with the point stress (PS) and the mean stress (MS) failure concepts were employed to develop two closed-form expressions for the mode I compressive notch fracture toughness. The theoretical results were experimentally verified by using the fracture test results obtained from the flattened V-notched semi-disk (FVSD) specimens made of PMMA at room temperature. In a general view, both criteria could estimate the experimental results successfully with average discrepancies of about 9% and 10% for the PS and the MS criteria, respectively.
About the critical distances and the critical stress for PMMA at room temperature, it was semi-empirically found that (i) the critical distances for compression are approximately 8 and 6 times larger than those for tension, for the PS and the MS criteria, respectively and (ii) different from the case of tensile loading, the critical distance of the MS criterion is three times greater than that of the PS criterion under compressive loading. In the forthcoming investigations, such ratios need to be checked more extensively for other brittle materials and for various notched specimens. . Loading conditions on the FVSD specimen subjected to compressive loading inside the test machine. Detachment may take place during loading between the specimen and the loading plates.
